Fill Ups of Sequences and Series

Q.1. The sum of integers from 1 to 100 that are divisible by 2 or 5 is .............. (1984
- 2 Marks)

Ans. 3050

Sol. The sum of integers from 1 to 100 that are divisible by 2 or = sum of integers from
1 to 100 divisible by 2 + sum of integers from 1 to 100 divisible by 5 — sum of integers
from 1 to 100 divisible by 10

=(2+4+6+.+100) + (5+ 10+ 15 +...+ 100)

— (10 + 20 +...+ 100)

=5—; [2x2+49>¢2]—|—2—; [2x5+19x=5]

g [2x10+9=10]=

= 2550 + 1050 — 550 = 3050

Q.2. The solution of the equation g/ logsGx+5+vx)js (1986 - 2 Marks)
Ans. 4

Sol. The given equation is

log, log; (Jx+5+x) =0
= logs (WJx+5 +N|"x_]|=1

Squaring both sides
= Jr+5+41=5 = Jr+5=5-x 10Jx+x = 104x =20

= Jx=2=x=4

Q.3. The sum of the first n terms of the series
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1252224324242 452426705 cennnns is

n (n +1)?/2, when n is even. When n is odd, the sum s .............. (1988 - 2 Marks)

Ans. n (n+1)
2

Sol. Whennisodd,letn=2m +1

«. The req. sum
=12+222+ 3242482+ _+2(2mP +(2m+ 17

=T2m+1)? +4[12 +22 +3 + _+m?]

_Gm+1) @m+2) (4m+21+1) L dm (m+1) Qm+1)

6 6
e [2 (4m + 3) + 4m]
_ _(@m+1) (2m+2) (6m+3) _ (2m+1)* (2m+2)
6 2
nz{n+1}

= cdmel=n
5 [ )

Q.4. Let the harmonic mean and geometric mean of two positive numbers be the
ratio 4 : 5. Then the two number are in the ratio .............. (1992 - 2 Marks)

Ans.4:1orl:4

Sol. Letaand b be two positive numbers.
Then, HM. =2 and G.M. _

_a+b

ATQHM:GM =4:5

2Jab 4 - a+b+2ab _5+4
~3 a+b-2Jab 5-4
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(J_+J_ 2 Ja J_—B—S

= Wa-yp? 1 a—p
2Ja  3+1 -3+1 £ =2,
- 5

1 a 1
- — = —=4=
= 2b 3-17-3-1 2 b 4
a:b=4:10r1: 4
Q.5. For any odd integer n > 1, n®-(n-1)3+.. +(-1)"113= ... (1996 - 1
Mark)
Sol. Since nis an odd integer, (- 1)"*=1andn-1,n-3,n -5, .... are even
integers.
We have

P —m-1P+m=2F-(n-3P+__+(-1y11
=P +n-1P+m=-2P+__. +13-2[(n-1y¥
+(m=-3P+__ +27

=[F+m-1P+@m-2P+_. +19

n-1y¢ (n-3Y 3
— %23y T +T - +1

[~-n-1,n-3..... are even integers] Here the first square bracket contain the sum of
cubes of 1st n natural numbers. Whereas the second square bracket contains the sum of
the cubes of natural numbers from 1 to

n—1
( 2 ] wheren—1,n-3, ...... are even integers. Using the formula for sum of cubes of
1st n natural numbers we get the summation

e el (2t
=l 2 2\ 2 2
(n-12 (n+1)?

164

1 2 2
=—n"(n+1)" —-16
FRalGas?

1
=% (n +1:|2 [,,2 —(n_lf] =Z {H+1)2 (2n-1)
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Q.6. Let p and q be roots of the equation x> — 2x + A = 0 and let r and s be the roots

of the equation x>—18x + B =0. If p< g < r <s are in arithmetic progression, then
T rrvrreeeee andB=........ (1997 - 2 Marks)

Ans. -3, 77

Sol. Itisgivenp+qg=2,pg=Aandr+s=18, rs=B anditis given that p,q, r, are in
AP.

Therefore, letp=a—-3s,g=a—-d,r=a+dands=a+ 3d.
Asp<qg<r<s, wehave d>0
Now,2=p+q=a-3d+a-d=2a-4d
=>a-20=1..(1)
Again18=r+s=a+d+a+3d
=>18=2a+4d=>9=a+2d....(2)
Subtracting (1) from (2) = 8=4d =2 =d
Putting in (2) we obtaina =5
~p=a-3d=5-6=-1,
g=a-d=5-2=3r=a+d=5+2=7,
s=a+3d=5+6=11

Therefore, A=pg=-3 and B=rs=77.
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Match the following of Sequences and Series

PASSAGE -1

Let Vr denote the sum of first r terms of an arithmetic progression (A.P.) whose
first term is r and the common difference is (2r — 1).

Let Tr=Vr+1—Vi_2 and Qr: Trs1-=Tr forr= 1, 2,
1. Thesum Vi + V2 + ... + Vi is (2007 -4 marks)
(HJ n(n+1} 3n —-n+1)
1 2
(b) En(n+l}{3n +hn+2)
(c) %n{lnz—n+l]
(d) %{2;13—2“3;-

Ans. Sol.

_n@+D)? n(n+1) 2n+1) L nn+1)

4 12 4
- w[n(nﬂ)—%H]

_ n(n+l) {3?:2 +n+2)
B 12
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2. Tr is always (2007 -4 marks)
(a) an odd number

(b) an even number

(c) a prime number

(d) a composite number

Ans. Sol.

(d) Tr=Vri+1-Vi2

2 2
= (?_+1]3_{r+1} +r_+1 PR
2 2 2

=3r2+2r+l

Tr=(r+1) 3r-1)

For each r, Tr has two different factors other than 1 and itself.

=~ Ty is always a composite number.

3. Which one of the following is a correct statement ? (2007 -4 marks)
(@) Q1, Q2, Qg, ... are in A.P. with common difference 5

(b) Q1, Q2, Q3, ... are in A.P. with common difference 6
(c) Q1, Q2, Q3, ... are in A.P. with common difference 11

(d) Qi=Q2=Qs=....
Ans. Sol.
(0) = Qr+1-Qr=Trvz- Trea- (Tre1-Tr) =Tr+2- 2T+ Tr

=(r+3)(3r+5)-2(r +2)(3r + 2)+ (r + 1)(3r -1)
“Qr+1—Qr= 6(r+1)+5—-6r—5=6 (constant)

s w1, Q2, Qs, .... are in AP with common difference 6.
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PASSAGE -2

Let A;, G1, H1 denote the arithmetic, geometric and harmonic means, respectively,
of two distinct positive numbers. For n > 2, Let A,_1and H, -1 have arithmetic,
geometric and harmonic means as An, Gn, Hn respectively.

4. Which one of the following statements is correct ? (a) G1 > G2 > Gz > ... (2007 -4
marks)

(b) G1<G2<G3<...(€) G1=G2=G3=... (d) G1 < G3< Gs<...and G2> G4 > G >
Ans. Sol.

(¢) Given A;=%b,cl=.ja_ga, Hy =2

a+b

also A =%,Gﬂ - 'II‘{H—IHn—l

7 = 21 Ha
. Arr—l + Hm—l

= Gy =4,Hy = 4,H, = Ay Hoy
Similarly we can prove
AnHn =Ap_;Hp_;=An o Hy
= A Hn _ ab

Gy®=Gy® =G5° ...=ab

:‘G]_:GE:GS ...ﬁ

5. Which one of the following statements is correct ? (a) A1 > A2 > Az > ... (2007 -4
marks)

(b)) Ai<Ac<Az<...(C)A1>A3>As>...and Ao < As<As<..(d) A1 <As< As<..
and A2 > Az > As > ...

Ans. Sol.
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(a) We have

Ay +H

A = 2

a+H _
A-A % Iy

= L5 0 (2 Ay > Hy)

= A< Arior Ani1> An - We can conclude that A1 > A > Az > ...

6. Which one of the following statements is correct ? (a) H1 > H2> Hz > ... (2007 -4
marks)

(D) Hi<H2<Hz<..(c)Hi>H3>Hs>..and Ho<Hs<He<... (d) HL<H3< Hg <
..and Ha>Ha>Hs > ...

Ans. Sol.
(b) We have A, Hp = ab = jﬁ!’,,="j“—‘:j’I
L 1 g <H
A g T ~Hy<Hp<Hg<....
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Subjective questions of Sequences and Series

Q.1. The harmonic mean of two numbers is 4. Their arithmetic mean A and the
geometric mean G satisfy the relation. 2A + G2= 27

Find the two numbers. (1979)
Ans.3and 6 or 6 and 3

Sol. Let the two numbers be a and b, then

2 _ 4y P syab -G
a+b 2

Also2A+G%=27=a+b+ab=27..(2)
Putting ab = 27 — (a+b) in egn. (1), we get

w=4:.,a+b =gthenab=27- g=18
a+b
Solving the two we geta =6, b =3 or a = 3, b = 6, which are the required numbers.

Q.2. Thein terior an gles of a polygon ar e in ar ith metic progression. The
smallest angle is 120°, and the common difference is 5°, Find the number of sides
of the polygon. (1980)

Ans. 9
Sol. Let there be n sides in the polygon.
Then by geometry, sum of all n interior angles of polygon = (n — 2) x 180° Also the

angles are in A.P. with the smallest angle = 120° , common difference = 5° .. Sum of all
interior angles of polygon

[2x120+(n—1)x5]

ba| =

Thus we should have
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%[2x120+(n—1}x5]=(n—?]xlﬂ[l

%[5n+ 235] = (n—2) x180

= 5n? + 235n= 360n- 720

= 5n? - 125n + 720=0

= n?-25n+144=0

= (n-16) (n-9)=0

=>n=16, 9

Also if n = 16 then 16th angle = 120 + 15 x 5 = 195° > 180°
=~ not possible. Hence n = 9.

Q.3. Does there exist a geometric progression containing 27, 8 and 12 as three of its
terms ? If it exits, how many such progressions are possible ? (1982 - 3 Marks)

Ans. yes, infinite

Sol. If possible let for a G.P.
To=27=ARp!...(1)
T=8=AR*!...(2)
T=12=AR"1...(3)

From (1) and (2)

RP-2 J_S = RF7=03/2%...(4)

From (2) and (3):
8 _
RIT == = RTT=(/2) 1...(5)

From (4) and (5):
R=3/2;,p—q=3; g-r=-1p-29+r=4; p,q,reN...(6)
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As there can be infinite natural numbers for p, g and r to satisfy equation (6)

=~ There can be infinite G.P’s.

Q.4. Find three numbers a, b, ¢, between 2 and 18 such that (i) their sum is 25 (ii)
the numbers 2, a, b sare consecutive terms of an A.P. and (iii) the numbers b, c, 18
are consecutive terms of a G.P. (1983 - 2 Marks)

Ans. a=5, b=8, c=12

Sol. 2<a,b,c < 18 atb+c=25..(1)
2,a,bareinAP=>2a=b+2=2a-b=2...(2)

b, c, 18 are in GP = ¢ =18b ....(3)

From (2) = a=2%2

b+2
- ; + b+c=25=3b=48-2c

(3):-{:2=6(48—2c]:~c2—12c—288=0

= ¢ =12, — 24 (rejected) =2a=5 b=8, c=12
Q.5.Ifa>o0,b >0andc > o0, prove that

(a+b +¢)ll+i+1]zg (1984 -2 I"f'Iﬂl'kS)
a [

Ans. Sol. Given thata, b,c>0

We know for +ve numbers A.M. > G.M.

=~ For +ve numbers a, b, ¢ we get

a+b+e
3

> 3fabe ...(1)
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Also for +ve numbers =, £= 1 we get
a 15
1 N l+ 1
a b csayl .e(2)
3 abe

Multiplying in eqs (1) and (2) we get

= (a+b+c}[l+l+l)29]3'r0ved.
a b c

Q.6. If nis a natural number such that

n=p"-pa"-ps™ L p™F
In2 (1984 - 2 Marks)

and ps1, Pz, ....., Pk are distinct primes, then show that In n > k

Ans. Sol. Given that n=p. pi2. p*.. pi* (1)

Where neEN and py, pa, pgs - pk are distinet prime numbers.
Taking log on both sides of eq. (1),

we get log n = a4 log py+ as log po + ...+ a); log p) ....(2)
Since every prime number is such that
piz2

log, p. >log,2----(3)
Vv i=1(1) k Using (2) and (3)
wegetlogn=aylog2+aglog2+aglog2+..+ aglog2
= logn = (ay+as+ ...+ a)) log 2

= logn = klog 2 Proved.
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Q.7. Find the sum of the series :

S pyrnerl.3 T to t 1
E(—) T[E_E:z_r-kz?-'—!?m .. Up 10 Terms
Ans. Sol. The given series is

T 1y

- 1
n
p G )l o8 L—r+?+§+l?+._. llptl]mtEIIIE:|

o[ 2] (Y5 ]

n 17 1 1 1
Jow " [—) =1-"G=+"C, — " C—+ ..
Now, E][ ) G5 137 G- G3

Similarly, i: -n""C, GJ =(1 —%J " %ﬂelx:
=0

Hence the given series is,

= i+i+i+in+.___.... to terms

2" 4" 8" 16

()]
1—
_ 2"[ 2"/ J[ Summing the G.P.]
1— 1
2“
a1
T oammgn )

Q.8. Solve for x the following equation : (1987 - 3 Marks)

logx +3) (6 X2 + 23X + 21) =4 - log @x+7) (4 X2 + 12x+ 9)

Ans. -1/4
Sol. The given equation is log (2x + 3) (6x% + 23 + 21)

=4 — logax+7 (4%% + 12X + 9)
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= log(ax+3) (6X% + 23X + 21) + log(sxe7) (4% + 12X + 9) = 4
= logex+s) (2x + 3) (83X + 7) + logexsr) (2x + 3)? x =4
= 1+logex+3) (3X + 7) + 2log@Ex+7) (2x + 3) =4

Y
log, +3)(3x+7)

= log(ax+3)(3x +7) +

Let log(ax+9)(3x +7) =y ....(1)

2 o
= y+—-=3 =y~ -3y+2=0

" ) h
=>y-1) (y-2)=0=>y=1,2
Substituting the values of y in (1), we get
= logex+3)(3x +7) =1 and  logex+3)(3X +7) =2
=>3X+7=2x+3and3x + 7 = (2x + 3)?
>X =—4anddx?+9x+2=0
=>Xx=-4and(x+2)(4x+1)=0
=>X=—4andx=-2,Xx=-Y

As log a x is defined for x > 0 and a > 0 (a # 1), the possible value of x should satisfy all
of the following inequalities :

=>2x+3>0and3x+7>0
Also2x+3#1land3x+7#1

Outofx = —4,x=-2andx =-1/4 only x =-1/4
satisfies the above inequalities.

So only solution is x = -1/4
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log [ ) ) ) )
Q.9.1flog 32, logs (2%, 5), and ’ 3] are in arithmetic progression,
determine the value of x. (1990 - 4 Marks)

Ans. 3

Sol. Given that logs 2, log3 (2*-5), log3 (2* -7/2) are in A.P.
= 2 logs (2* - 5) = logs 2 + logs (2x — 7/2)

= (2*-5)?2

= (2¢)2-10.2"+25-22x+7=0= (22 -12.2x+32=0
Let 2% =y, then we get, y?— 12y +32=0
=(y-4(y-8=0

=>y=4or8

=>2x=22 or23=>x=2 or3

But for logs (2% — 5) and logs (2*— 7/2) to be defined
2*—5>0and2* — 7/2>0=2% > 5and 2* >7/2

= 2¥>5 = x # 2 and therefore x = 3.

Q.10. Let p be the first of the n arithmetic means between two numbers and g

the first of n harmonic means between the same numbers. Show that q does not
lie between p and

n+1

n—1

EP_[lggl - 4 Marks)

Ans. Sol. Let a and b be two numbers and A1, Az, As, .... Anbe n A.M’s between a
and b.

Then a, As, Ao, ..... An, b arein A.P.

There are (n + 2) terms in the series, so that
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b-a

= id=—

a+(n+1)d=b= e
b—a an+b

n+l - n+l

A=at

an+b
= o1 (1)

The first H.M. between a and b, when nHM’s are inserted between a and b can be
obtained by replacing a by 1/a and b by 1/b in eq. (1) and then taking its reciptocal.

1 (n+1)ab
=Y 1 m
Therefore, ( }Hb +a

a

n+l1

..(2)

_(n+1)ab
a+bn

We have to prove that g cannot lie between p

(n+1)°
12"

- n+l
Now,n + 1>n —1 =-— =1

Now to prove the given, we have to show that q is less than p.

For this, let, p_(na+d)(xb+a)

q (n+1)* ab
- P n(a® +b>)+ab(m® +1)—(n +1)* ab
q (n+1)*ab
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2
_ £_1=n{a2 +5% —2ab)
g (n+1)7% ab
() e
= —-—1= 3 = 55—y
g @+*\Vab) @+’ Vo Va
~ 2 10
q
= (provided a and b and hence p and q are +ve)p > g eea(4)
2
From 3 and (4), we get, q-ﬂ:p{(n—ﬂ] p
n+l
n+1Y)

« q can not lie between p and ( 1] p, if a and b are +ve numbers.
n+

Q.11. If S1, S2,S3, wovvvveeinnn, , Sn are the sums of infinite geometric series whose first
termsarel, 2,3, ... , h and whose common ratios are

111 =

27374 n+1 respectively,,then find the values

2 2, g2 3
of ST R T R . S (1991 - 4 Marks)

Ans. Sol. We have,

2
S5 = 2+2.l+2[l] +..@
3 3

2
53 =3 +3_l+3(1] +...00
4 4
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Sl2 +Si2 +S§ +_...+S§H_1
= 224+32 442+ 4+ (m+1P+ _+ ()

NOTE THIS STEP :

2n
Zrz 1= 2n{2n+é}(4ﬂ+l}_12
r=1

_n@n+1)(@n+1)-3
3

Q.12. The real numbers xi, X, X3 s atis fying the equation x*, x> + px + y < 0 are in

AP. Find the intervals in which § and vy lie. (1996 - 3 Marks)

AnNs. Sol. Since X1, X2, Xz are in A.P.

Therefore, let x1=a—d, xo=aand X3 =a+d and X1, Xz, X3 are the roots of Xz — Xz +

Bx +7y=0
Wehave Ya=a-d+a+a+d=1..(1)
Yop=(a-d)a+a(a+d)+@-d@+d=b..(©2)
apy=(a-d)a(@a+d)=-v..(3)

From (1), we get, 3a=1= a=1/3

From (2), we get, 3a2 — d? = B

= 3(1/3)2 —d2 =B = 1/3—p=d?

We know that d?>0v d eR

Get More Learning Materials Here : & m

@E www.studentbro.in



= ﬂié = pe(-=1/3]

From (3),a (a®* - d%) = -y
(1 5 1 1.2
—_— ——d —_—— — —— =

= 3(9 ] = 3773 7
+— la:i'2 — =0

= 1737739 = 17y3=

= Y= 77 = T 27"

Be(—e,1/3) and y e[-1/27 x]

Q.13. Let a, b, c, d be real numbers in G.P. If u, v, w, satisfy the system of
equations (1999 - 10 Marks)

u+2v+3iw==6
41!—51-'+6W=11
fu+9v=4

then show that the roots of the equation

1,1 1
)
u ¥ W

+b—e)Y +(c—a) +(d—b) ] x+u+v+w=0

2

and 20x* + 10 (a - d]2 X - 9 = 0 are reciprocals of each other.

Sol. Solving the system of equations, u + 2v + 3w = 6,
4qu+5v+6w=12and 6u+9v=4
we getu=-1/3,v=2/3, w=5/3

9

1 1 1
u+v+w=32 —+t—+—
H OV W 10
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Let r be the common ratio of the G.P., a, b, c,d. Thenb =ar,c=ar? d=ar®.
Then the first equation

(14_1_4. l]:r?-— [(b - 0)2 + (e - 3)2 +(d - b)E]x +(u+v+w)=0 becomes

NV W,

9
—ﬁxj +[|:c;raf'—::'r2]2 +|[m'2 —a::]2 +|:ar3 —ar}E] x+2=0

e, 921042 (1-r)2 [P +(r+ 12 +72 (r+ 1)2x-20=0
ie. 0l-10a? (1-rP (* +2° +3r2 + 2r+ 1) x-20=0

ie, 0x2—10a2 (1-72 (1 +r+13) 2 x—=20=0,
ie, 0r'—10a (1-7) x—20=0 D

The second equation is, 20 x> + 10 (a—ar®)> x-9=0
ie,20x2+10a% (1-r¥)2x-9=0...(2)

Since (2) can be obtained by the substitution x — 1/x , equations (1) and (2) have
reciprocal roots.

Q.14. The fourth power of the common difference of an arithmatic progression
with integer entries is added to the product of any four consecutive terms of it.
Prove that the resulting sum is the square of an integer. (2000 - 4 Marks)
Ans.

Sol. Leta—3d,a—d,a+danda+ 3d be any four consecutive terms of an A.P. with
common difference 2d.

+ Terms of A.P. are integers, 2d is also an integer.

Hence P =(2d)* + (a—3d) (a—d) (a+d) (a+ 3d)

=16d*+(a?2-9d?) (@a?-d? =(a2-5d??
Now,a2-5d%2=a?-9d?+4d?=(a—3d)(a+3d)+(2d)>= some integer

Thus, P = square of an integer.
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Q.15. Let ai, a, ..., an be positive real numbers in geometric progression. For each
n, let An, Gn, Hn be respectively, the arithmetic mean, geometric mean, and
harmonic mean of ai, a, ..., an. Find an expression for the geometric mean of Gy,
G2, ..., Gn interms of A1, Az, ..., An, Hi, Ha, ..., Hn. (2001 - 5 Marks)

Ans.

Sol. Given that a1, az, ....an are +ve real no’s in G.P.

a=a
ay = ar As ay,ay....ay, are+ve
2
a3 =ar ~or=0
a, =ar"
Fa IS o WAL ld s Clida snnnunsg &
Anis AM.ofay, as, ....., ap

A Stayt.ta, a+ar+..+ar"
n= =

R i

A,,;’n‘i:l—_*’;} . (1) (Forr#1)

GpisG.M.ofay, as, ..., ap

Gy =Yay.a;.a, =Naarar® o

(n-1)
= n,’uﬂ, rn{n:——lj =ar 1

(n-1)
G, —ar ? e (2) (r+1)

Q.15. Let as, ay, ..., an be positive real numbers in geometric progression. For each
n, let An, Gn, Hn be respectively, the arithmetic mean, geometric mean, and
harmonic mean of ai, a, ..., an. Find an expression for the geometric mean of Gy,
G2, ..., Gn in terms of Ay, Az, ..., An, H1, Ha, ..., Hn. (2001 - 5 Marks)

Sol. Given that ai, az, ....an are +ve real no’s in G.P.

4 =a

ay =ar As ay,aq,..a, are+ve
2

iy =ar ~or=l

a =ar"!

H
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Apis AM. ofay, as, ..., ap

A _Gitaytetay a+ar+..+ar’
n="-____

R H

An=an(:1__:;} ... (1) (Forr # 1)

Gp is G.M. of a4, a5, ...., ap

Gy =Yay,0;..a, = Vaarar® . am

(n-1)
= n.,’a", ry =ar 1

(n-1)
G, =ar 2 e (2) (r#1)
Hpis HM.ofay, a5, ...... a2y

] n
Hy = 1 1 1 1 1 1
+ o+ + +—+
@ a, a, a ar a1
n R

H, - ”": 0N Ly (9)

We also observe that

al-r") aw"(1-r) _ . a1 e

(n-n)"  a-rmy

AnHy =

~Ap Hy =G,%....(4)

~ Now, G.M. of Gy, Gy, .... Gy is

G="/G, G, G,
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G=tJA H JAH,.[aH, [Usingequation (4)
G =(AjA5....AqyH{Hs....Hp)1/2n ...(5)

If r=1thenA,=G,=Hp=a

Also Ap Hp = Gp°

~ For r = 1 also, equation (5) holds.

Hence we get, G = (AjAo....AnHyHp...Hy) " ="

Q.16. Let a, b be positive real numbers. If a, A1, A2, b are in arithmetic progression,
a, Gi1, Gy, b are in geometric progression and a, Hi, Hz, b are in harmonic
progression,

show that ;:ff_z =I:Iié _Qa _;§;+2b}_ (2002 - 5 Marks)

Ans.

Sol. ClearlyA; + Ao =a+b

Hi+Hy, a+b A+4 GG _ 4 +4
= HH, ab GG  HH, H+H

A +4 a+b
H +H, ( 1 1 ]
3ab
2&+a+2a'+b
_(2b+a)(la+b)
Qab
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Q.17. If a, b, care in A.P., @, b? c? are in H.P., then prove that eithera=b=cor

a, b, form a G.P.. (2003 - 4 Marks)
Ans.

Sol. Given that a, b, c are in A.P.
=>2b=a+c...(1)

and a2, b?, c2are in H.P.

(a-b)(a+b) _ (-c)(b+c)
bat et

>ac’+bc’=a’h+a’c [va-b=b-c]
=ac(c-a)+b(c-a)(c+a)=0

= (c—-a)(@ab+bc+ca)=0

= eitherc—a=0orab+bc+ca=0

= eitherc =aor (a+c) b +ca=0and then from (i)
2b? +ca=0

Eithera=b=c o »? =a[§.]

i.e.a, b, —¢/2 are in G.P. Hence Proved.

Q.18. If all:%_lir —E]a +of— 1}”‘1E]H and

b = 1 — ap, then find the least natural number ng such that

b,>a, “nzny. (20006 - 6M)
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= (—3)"*"* <22 For n to be even, inequality always holds. For n to be odd, it holds
forn>7.

~ The least natural no., for which it holds is 6

(- it holds for every even natural no.)
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Integar Type ques of Sequences and Series

L] L] , = ’ ’ ..... , , i i
Q.1. LetSx, k=1,2 100, denote the sum of the infinite
geometric series whose first term is
k-1 1
TR and the common ratio is - Then the value of
2 100
00" | (k? -3k +1)S; | is (z010)
1000 §o
Ans. (3)

Sol. Using S, =£: we get

k-1
L: F=1
1
s,=1 &
0., k=1
L k22
(k-1)!
100 2 100 1
Now 2| (" =3k +D)S; |=Z|(ﬁ2—3k+1}|—,
P k2 (k-1

100 ;2
(2D +1-3k-1)-2
=-+>

= (kD!

=1+ - -
é (k—3)! (k1)

ask?—3k+1>0vk =23

[ 1 1 ) [ 1 1 )
A= [ ==
06! 08! a71 00!
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1 1 _, 9900 100 . 10000 _, (100)"
981 991~ 1000 1000 100! 100!

1["]2 100
. ﬁ+3§|(f —3k+1}5t|=3.

Q.2. Let aj,ag.ag........ , 211 be real numbers satisfying
a;=15, 27—2as> 0 and aj=2a)_;—-ak_so for k = 3, 4..cevureen. 11.

2 2 2

if 4t% ;'1----*”11 —op » then the value of

s B L’""J'ﬂ“ is equal to (2010)

Sol. Given that a) = 2a _;—a)k —o

=a, ;. 358211
9 k-1

=ay,8g,8g,..,a;; are in AP..
If a is the first term and D the commen difference then
a®y+a%s + ... +a%13= 000 (

2 2,2 2 2 _
=118 +d“(1*+2°+..+10°)+2ad (1 +2 + ...+ 10) = ggO

10=11x21 10=11
+— =

=11a? d* +2ad x 000

= a® + 35d% + 150d= g0 Using a = 15,

we get 35d° + 150d +135 = 0 or 7d® + 30d + 27= 0
=d +3)(7d +9) =0 =d=-30or - 9/7

2 9 96 27
then a =15-3=120r15--=—>=

~d#—097
11

Hence M+ +..+ay _ 2 [2){154'10{_3]]
11 11

=0
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Q.3. Let a1, a2, az .....a100 be an arithmetic progression with a;=3

r
a; =3 and 5= > a1 p<100.

and =1 For any integer n with 1 < n<20, let m = Sn.
Sm

If S» does not depend on n, then az is (2011)

Ans. (9)

5;[2::3+(5n—1}d]

!t-':

Ky
Sol. We have —2="=
Su S ’;[m{n—nd]

S[(6—d) + 5nd]
T (6—d)+nd]

which will be independent of nif d = 6 or d = 0 For a proper A.P. we take d =
6thena.=3+6=9

Q.4. A pack con tain s n cards n umber ed fr om 1 to n. Two consecutive
numbered cards are removed from the pack and the sum of the numbers on the
remaining cards is 1224. If the smaller of the numbers on the removed cards is k,
then k — 20 = (JEE Adv. 2013)

Ans. (5)

Sol. Letk, k + 1 be removed from pack.

S2(1+2+3+..+n)—(k+k+1)=1224

”{”+1}—2k=1225

n(n+1)— 2450
k= 4

forn=50, k=25~.k-20=5
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Q.5. Let a, b, c be positive integers such that b/a is an integer. If
a,b, c are in geometric progression and the arithmetic mean of a, b,

a2 +a-14

cis b + 2, then the value of “*! is (JEE Adv. 2014)

Ans. (4)

Sol. +a,b,carein G.P

~b=arandec=ar®

b :
Also £ isaninteger
i

=ris an integer

- AM.ofa,b,cisb+2

a+b+c —hs2

= a +ar+ar- = g3ar+6
)

=a(r-2r+1)=6

=a(r- 1)2=6.

w a and r are integers

-. The only possible values of a and r can be 6 and 2 respectively.

a+a-14_36+6-14_ 8

Then a+1 6+1 7

Q.6. Suppose that all the terms of an arithmetic progression (A.P.) are natural
numbers. If the ratio of the sum of the first seven terms to the sum of the first
eleven terms is 6 : 11 and the seventh term lies in between 130 and 140, then the
common difference of this A.P. is (JEE Adv. 2015)

Sol.

?[2a+ﬁa‘] 6
- =a=%
2[2;:+lﬂd]
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a7 =a+ 6d =15d
~+ 130<15d<140=>d=9
(~+ All terms are natural numbers .. d €N )

Q.7. The coefficient of x° in the expansion of (1 + x) (1 + x?) (1 + x3) ... (1 + x}%) is
(JEE Adv. 2015)

Ans. (8)
Sol. In expansion of (1 +x) (1 +x?) (1 +x3) .... (1 + x*%) x°can be found in the

following ways x°, x1*2 8, x 2*7 x3*+6 x4*+5 x1*+2+6 y1+3+5 x2+3+4The coefficient of
X9 in each of the above 8 cases is 1. . Required coefficient = 8.
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